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1 Introduction
Most physical theories implement the dynamics as a result of the application of a variational
principle, that is, by means of a Lagrangian. Among the dynamical symmetries of these theories,
that is, transformations that map solutions of the equations of motion into solutions, we can
single out the Noether symmetries, that is, the continuous transformations that leave the action
invariant —except for boundary terms. In addition, if we aim to move the description of the dy-
namics from the tangent bundle (velocity space) TQ of its configuration space Q to the cotangent
bundle (phase space) T∗Q, other distinctions can be raised, as to whether the symmetry trans-
formation in velocity space is projectable to phase space and, in the affirmative case, whether
the transformation in phase space is canonical. We will consider time-independent Lagrangians,
as it is the usual case in physical theories, but we will allow to deal with time-dependent func-
tions to cover also gauge symmetries (symmetries depending upon arbitrary functions of time,
or space-time variables in field theory); then we will use R × TQ and R × T∗Q instead of TQ
and T∗Q.
The infinitesimal symmetries of an ordinary dynamical system are characterized by a prop-
erty of commutativity: essentially, that the time evolution operator commutes with the operator
that generates the symmetry. Let us state with more detail this result, which is standard for
theories with no gauge freedom, using differential-geometric language. Let X be the vector field
that governs the dynamics (the time evolution) of some system on a given manifold M (M can
be, for instance, R × TQ or R × T∗Q for some configuration manifold Q; R parametrizes the
independent variable —the time). For an open interval I ⊂ R, a path γ: I →M is a solution to
the dynamics if γ˙ = X ◦ γ. Let a vector field V be a candidate for a symmetry of the dynamics
defined by X. Then the flow of V (a local one-parameter group of diffeomorphisms) transforms
solutions into solutions if and only if X is V-invariant, that is to say,
LVX = [V,X] = 0, (1)
where LV stands for the Lie derivative. This is an immediate consequence of the well-known
fact that [V,X] = 0 iff their flows commute [1, 2, 3].
Our aim in this paper is to obtain some generalized versions of this result. More precisely, our
purpose is to study how the canonical Noether transformations implement this commutativity
requirement in the general case of gauge theories (those derived from singular Lagrangians).
Instead of providing with new procedures to determine symmetries, we give alternative ways
to characterize them, associated with a specific property of commutativity. Recall that the
variation of the Lagrangian under a Noether symmetry is a total derivative; this statement is far
from expressing any kind of commutativity. We will discover however that one can characterize
canonical Noether symmetries through commutativity properties; in this way, we give a new
perspective, with a geometrical flavor, to identify the Noether symmetries of a dynamical system.
This approach can be applied in particular to gauge theories, where it can be used as a direct
test as to whether a given transformation is a Noether symmetry.
X. Gra`cia & J.M. Pons, Noether symmetries and commutativity properties 3
Since many dynamical systems —and, among them, those describing the fundamental inter-
actions— have room for gauge freedom, we will assume in our framework that the Lagrangian
may be singular. To be more concrete: we will consider theories described by time-independent
first-order Lagrangians whose Hessian matrix with respect to the velocities may be singular. In
this case the conversion from tangent space language to phase space language has some pecu-
liarities: there are constraints in the formalism, the dynamics has some degree of arbitrariness,
etc. This is nothing but the framework first studied by Dirac to deal with gauge theories or,
more generally, constrained systems [4, 5, 6, 7, 8, 9]. The regular case is recovered when no
Hamiltonian constraints occur.
Throughout the paper we will only consider continuous symmetries. Among them, how can
we distinguish the Noether symmetries? The distinction comes in part from the following fact:
a Noether symmetry has an associated conserved quantity, and this conserved quantity contains
all the information to reconstruct the symmetry [1]. This fact characterizes a Noether symmetry
for regular Lagrangians (those with regular Hessian matrix), but not in the general case of gauge
theories that we are also addressing: there are symmetries with conserved quantities that are
not Noether.
Let us distinguish clearly the singular case from the regular one. In the regular case we know
that:
(a) There is a one-to-one correspondence between Noether symmetries and conserved quanti-
ties.
(b) When formulated in phase space, the conserved quantities become the generators, through
the Poisson bracket, of the Noether symmetries. Therefore, Noether symmetries are canon-
ical transformations.
Instead, in the case including gauge theories, we can list a very different set of assertions:
(a) There can be conserved quantities in phase space that do not generate symmetries at all.
(b) There can be conserved quantities in phase space that generate symmetries that are not
Noether.
(c) There can be nontrivial Noether symmetries whose conserved quantity in velocity space is
identically vanishing.
(d) There can be Noether transformations in tangent space that are not projectable to phase
space (but the conserved quantity is always projectable).
(e) It remains true that, regardless as to whether the Noether symmetry is projectable or not
to phase space, it can be always reconstructed through the Poisson bracket by using the
conserved quantity in phase space. In other words, the conserved quantity still encodes all
the information to reconstruct the symmetry.
(f) When the Noether symmetry is projectable to phase space, it is also true that such sym-
metry is always a canonical transformation that is generated by a conserved quantity. We
call such a symmetry a canonical Noether transformation.
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Let us briefly comment on these assertions.
To prove (a) it suffices to realize that any second class constraint is a conserved quantity
that does not generate a symmetry: it takes the motions out of the constraint surface.
Statement (b) is a consequence of the fact that the conserved quantities G
H
that generate
canonical Noether transformations satisfy stricter conditions (K · G
H
= 0, see equation (26) in
section 3) than the ones required to generate dynamical symmetry transformations in phase
space (K ·G
H
= quadratic constraints, see ref. [10]); this is illustrated at the end of the second
example in section 4.
The occurrence of (c) is studied in [11], and it happens when the number of independent
primary Lagrangian constraints is less than the number of independent primary Hamiltonian
constraints; the simplest example is given by the free relativistic particle, that does not have
Lagrangian constraints.
An example of statement (d) is provided, in any time-independent gauge theory, by the
Noether symmetry associated with time translations: the variation δq = q˙ is not projectable to
phase space, whereas its conserved quantity, the energy, projects to the Hamiltonian function.
The projectability of the conserved quantity associated with any Noether transformation was
noticed in [12]. On the other hand, special situations may often arise when studying the pro-
jectability of the gauge transformations, as for example the non existence of Hamiltonian gauge
generators of a certain model possessing Lagrangian gauge transformations [13], and the loss of
covariance of the Hamiltonian gauge transformations for a particle model admitting a Lorentz
covariant Hamiltonian formulation [14].
Statement (e) is explained in [13] and [15], where several examples can be found. Finally,
assertion (f) is proven in [16].
From these considerations, we see that it is important to characterize the conserved quan-
tities, because they already encode the transformation. This is the usual procedure when one
considers Noether symmetries. In this paper we propose a shift of emphasis: instead of focusing
on the conserved quantities, we will be interested in properties of the transformations them-
selves. We will show the relevance of commutation properties in order to characterize Noether
symmetries. In this sense, from a theoretical viewpoint we will enlarge the list of properties
above; from a practical viewpoint we will provide with new instruments to check whether a
given transformation is a Noether symmetry.
We organize the paper as follows. The basic notations and some preliminary results are
set up in section 2. Section 3 is mainly devoted to the study of Noether transformations that
are projectable to phase space; these transformations are given different characterizations in
terms of commutation relations involving the evolution operators of the Hamiltonian and the
Lagrangian formalisms. Section 4 contains some examples illustrating these results, and section
5 is devoted to conclusions.
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2 Notation and preliminary results
We consider a configuration space Q, with velocity space the tangent bundle TQ, and a (time-
independent, first-order) Lagrangian function L(q, q˙) defined on it. The fiber derivative of L
defines the Legendre’s transformation, which is a map from velocity space to phase space,
FL: TQ→ T∗Q, locally defined by
FL(q, q˙) = (q, p̂),
where we have introduced the momenta p̂ = ∂L/∂q˙ —we will suppress most indices.
Given a function h(q, p) in phase space, its pull-back (through the Legendre’s transformation
FL) is the function FL∗(h) in velocity space obtained by substituting the momenta by their
Lagrangian expression: FL∗(h)(q, q˙) = h (q, p̂). A function f(q, q˙) in velocity space is called
FL-projectable —or, simply, projectable— if it is the pull-back of a certain function h(q, p).
We shall always assume that the Legendre’s transformation FL has constant rank; this
amounts to say that the fibre Hessian of L, which is locally described by the Hessian matrix
with respect to the velocities
W =
∂2L
∂q˙ ∂q˙
,
has constant rank. Notice that gauge symmetries can only exist when this rank is not maximal;
this is the case we are interested in.
Let γµ (µ = 1, . . . , p0) be a basis of the null vectors of W ; then the necessary and sufficient
condition for a function f(q, q˙) in TQ to be (locally) projectable to T∗Q is
Γµ · f = 0 (2)
for each µ, where the vector fields Γµ := γµ
∂
∂q˙
indeed span a basis of the kernel of the tangent
map T(FL).
Under the same assumption about the constant rank, the image P0 of the Legendre’s map
can be locally taken as the submanifold of phase space described by the vanishing of p0 primary
Hamiltonian constraints φµ, linearly independent at each point of P0. So they satisfy FL
∗(φµ) =
0 by definition. Then the basis γµ can be taken as [6]
γµ := FL
∗
(
∂φµ
∂p
)
. (3)
Though our Lagrangian is time-independent, we will need to consider time-dependent func-
tions. The adjunction of the t-variable where needed will not cause any problem. The time-
derivative operator acting on a function f(t, q, q˙) is
d
dt
=
∂
∂t
+ q˙
∂
∂q
+ q¨
∂
∂q˙
,
with the acceleration q¨ as an independent variable (this involves the tangent bundle of second
order, T2Q). Then the Euler-Lagrange equations can be written
[L](q,q˙,q¨) = 0,
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where we have defined
[L] :=
∂L
∂q
−
dp̂
dt
= α− q¨W, (4)
with α =
∂L
∂q
− q˙
∂2L
∂q ∂q˙
. The primary Lagrangian constraints arise from it,
χµ := α γµ = [L] γµ, (5)
though they are not necessarily independent; their vanishing defines a subset V1 ⊂ TQ.
As a matter of notation, it is usual to write f ≈
M
0 to mean that f(x) = 0 for all x ∈ M
(Dirac’s weak equality); for instance φµ ≈
P0
0 and χµ ≈
V1
0.
In a gauge theory the dynamics either in Lagrangian or Hamiltonian formalisms has a cer-
tain degree of arbitrariness. One can introduce a useful differential operator K connecting the
Lagrangian and Hamiltonian formalisms, that has no ambiguity at all, and that still represents
the dynamics [6]. It can be defined as a vector field along the Legendre’s transformation FL
[17], and, as a differential operator, it gives the time evolution of a function h in R× T∗Q as a
function K · h in R×TQ by
K · h := FL∗
(
∂h
∂t
)
+ FL∗
(
∂h
∂q
)
q˙ + FL∗
(
∂h
∂p
)
∂L
∂q
. (6)
The operator K is directly determined by the Lagrangian by just taking partial derivatives.
Instead, the determination of the dynamics either in tangent space or in phase space requires
more involved computations. In this sense, K is the simplest among the evolution operators,
and this will turn out to be advantageous in order to characterize the Noether symmetry trans-
formations by way of commutativity properties. The operator K is especially valuable in the
study of singular Lagrangians. For instance, all the Lagrangian constraints are obtained by
applying it to the Hamiltonian constraints [18], and the Lagrangian and Hamiltonian dynamics
can be described geometrically by using this operator [17]. The operator K will be instrumental
in obtaining some of the results of the next section.
It will prove very convenient to present two other equivalent expressions for the operator K,
to be used in the next section. The first one is
K · h =
d
dt
FL∗(h) + [L]FL∗
(
∂h
∂p
)
, (7)
whose proof is direct by using the chain rule [13]. A direct consequence of this equation and
definition (5) is another expression for the primary Lagrangian constraints:
χµ = K · φµ. (8)
The second expression relates K with the Hamiltonian evolution [6]:
K · h = FL∗
(
∂h
∂t
)
+ FL∗{h,H} +
∑
µ
FL∗{h, φµ} v
µ. (9)
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Here H is any Hamiltonian function (its pull-back to TQ is the Lagrangian energy; it is defined
up to primary Hamiltonian constraints). And the vµ(q, q˙) are functions uniquely determined by
this equality when one takes h = qi; these functions are not projectable, and indeed
Γν · v
µ = δµν . (10)
A consequence of (9) is a test of projectability for the function K · h:
Γµ · (K · h) = FL
∗{h, φµ}, (11)
so K · h is projectable iff h is a first-class function with respect to the primary Hamiltonian
constraint submanifold P0.
The Lagrangian time-evolution differential operator can be expressed [6] as
X
L
= X
L
0 + η
µΓµ, (12)
where the ηµ are in principle arbitrary functions that express the gauge freedom of the time-
evolution operator and X
L
0 is a vector field in velocity space
X
L
0 =
∂
∂t
+ q˙i
∂
∂qi
+ ai(q, q˙)
∂
∂q˙i
. (13)
The accelerations ai in X
L
0 may be determined by the formalism, with some arbitrariness owing
to the gauge freedom, and we do not need here their explicit expression, which is given in [6].
The nature of this operator has been recently discussed in [19, 20]. In view of application we
only need to know its relationship with the operator K [18]:
K · h = X
L
0 · FL
∗(h) + χµ
∂vµ
∂q˙
FL∗
(
∂h
∂p
)
. (14)
3 Canonical Noether transformations for gauge theories
Now we are ready to study the symmetries in Lagrangian and Hamiltonian formalisms as com-
mutation relations between these symmetries and the dynamics. The case of gauge theories will
lead to modified versions of equation (1) that account for the existence of constraints and the
ambiguity of the dynamics due to gauge freedom.
Let us consider an infinitesimal Noether transformation δ
L
q(t, q, q˙) in configuration space,
that is to say, the variation of L is a total time-derivative. Then a conserved quantity G
L
arises:
[L]i δ
L
qi +
dG
L
dt
= 0. (15)
As we have recalled in the introduction, the conserved quantity is always projectable [12] to a
function G
H
(t, q, p) in phase space, G
L
= FL∗(G
H
). This is proved by extracting the coefficient
of the acceleration q¨ from equation (15) and then saturating the result with the null vectors γµ
of the Hessian matrix W , thus obtaining Γµ ·G
L
= 0.
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Notice that there is some arbitrariness in G
H
: nothing changes if we add to it a linear
combination of the primary Hamiltonian constraints because FL∗(φµ) = 0 identically.
In this paper we will consider the case where the transformation itself is projectable to phase
space, that is,
δ
L
q = FL∗(δ
H
q), (16)
for a certain δ
H
q(t, q, p). Notice that there is also an arbitrariness in the determination of δ
H
q
because of the existence of Hamiltonian constraints.
Using G
H
and δ
H
, the Noether condition may be written
[L]iFL
∗(δ
H
qi) +
dFL∗G
H
dt
= 0,
from which, by extracting the coefficient of q¨, one obtains WFL∗
(
δ
H
q −
∂G
H
∂p
)
= 0. From this
equation, and using the null vectors of the Hessian, it is easy to redefine G
H
and δ
H
q conveniently
—using the primary Hamiltonian constraints— in order to obtain [16]
δ
H
qi =
∂G
H
∂pi
= {qi, G
H
}. (17)
In other words: a projectable Noether transformation is canonically generated in phase space. On
this basis we are ready to generalize equation (1) to the case of projectable Noether symmetries
associated with singular Lagrangian dynamics. First we will give a characterization in phase
space, next we will give a characterization using the operator K, and finally we will give a
characterization in velocity space.
3.1 Characterization in phase space
Now we wish to study the Noether transformations in phase space. The dynamics of gauge
theories, as examples of constrained systems in the Dirac sense, exhibit a certain amount of
arbitrariness in order to account for the gauge —unphysical— degrees of freedom. A typical
evolution operator in phase space will be
X
H
≈
∂
∂t
+ {−,H}+ λµ{−, φµ}, (18)
where ≈ (Dirac’s weak equality) is here an equality up to primary Hamiltonian constraints, and
λµ are a set of arbitrary Lagrange multipliers. As a matter of fact, these Lagrange multipliers
are determined as functions in tangent space just by applying (18) to the configuration variables,
yielding λµ = vµ(q, q˙) —see (9).
Notice that the weak equality in (18) makes the definition of X
H
consistent with any redefini-
tion of the basis of primary constraints. However, this is not the final form of the dynamics. To
get the final dynamics we must perform a stabilization algorithm [5, 6, 21, 22, 7]: consistency
requirements —that is, the tangency of X
H
to the surface of constraints— may lead to new
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constraints and also to the determination of some of the Lagrangian multipliers as functions in
phase space.
Notice that, for any values we can give to the Lagrangian multipliers, the last piece in (18)
may be written as {−, phc}, where phc stands for an arbitrary linear combination of the primary
Hamiltonian constraints,
X
H
≈
∂
∂t
+ {−,H}+ {−, phc}. (19)
Let us consider the infinitesimal transformation generated by a vector field V
H
in T∗Q, that
is to say, δ
H
h = V
H
· h —an infinitesimal parameter may be understood here. The condition
that V
H
be a symmetry of the dynamics is no longer characterized by the strong condition of
commutativity [V
H
,X
H
] = 0. We may venture that the appropriate characterization is that the
infinitesimal variation of X
H
produced by V
H
,
δX
H
= L
V
HX
H
= [V
H
,X
H
],
is of the type {−, phc}, in order that the transformed vector field is again of the type (19). So,
the characterization will read
[V
H
,X
H
] ≈ {−, phc}. (20)
Since equation (19) does not express the final form of the dynamics, we could produce more
refined versions of (20). But, in the case of a Noether transformation, the invariance of the
action is required not only on-shell but also off-shell, therefore the dynamics as given by (19) is
the right one to be used.
Now let us prove that, whenV
H
generates a canonical transformation, relation (20) is exactly
the characterization of a projectable Noether transformation. We can write V
H
as
V
H
= {−, G
H
} (21)
for some function G
H
, so that δ
H
h = {h,G
H
}. To eliminate the weak equalities in (19), X
H
can
be written as
X
H
=
∂
∂t
+ {−,H}+ {−, phc}+ φµZ
µ
for some arbitrary vector fields Zµ. Then, taking into account that
[X
H
,V
H
] ≈ {−,X
H
(G
H
) + phc} −V
H
(φµ)Z
µ,
the requirement (20) becomes
V
H
(φµ) = phc, X
H
(G
H
) = phc+ f(t),
where f(t) is an unknown function of time. Notice that G
H
can be redefined by G
H
→ G
H
−∫
f(t)dt, since this does not change equation (21), and hence we have
V
H
(φµ) = phc, X
H
(G
H
) = phc; (22)
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but since the functions λµ in the definition of X
H
(18) are arbitrary, the second equation in (22)
splits into
∂G
H
∂t
+ {G
H
,H} = phc, (23)
and
{G
H
, φµ} = phc. (24)
Notice that (24) is just the first equation in (22).
It was proven in [16] that given a Noether transformation there exists a function G
H
—whose
pullback to velocity space is the standard conserved quantity G
L
— satisfying these conditions
(23) and (24); and conversely, that these conditions ensure that the transformation generated by
G
H
through (17) and (16) is a Noether symmetry. What we have then obtained is a reformulation
of (23) and (24) as commutativity conditions. To be more specific, we have proved the following
result:
Theorem 1 An infinitesimal transformation in phase space is a canonical Noether transforma-
tion if and only if its vector field V
H
satisfies
[V
H
,X
H
] ≈ {−, phc}, L
V
HΩ = 0, (25)
where X
H
is defined by (19) and Ω is the symplectic form in phase space.
(The contents of the second condition in (25) is thatV
H
generates canonical transformations.)
3.2 Characterization using the evolution operator K
Now we will show an alternative characterization of Noether transformations in phase space that
makes use of a special evolution operator that connects the phase space picture with the velocity
space picture. Gauge systems derived from a variational principle exhibit evolution vector fields,
either in the Lagrangian formulation or in the Hamiltonian one, that contain some arbitrariness
—because of the gauge freedom. But one can also consider a third evolution operator that,
unlike the previous ones, is fully deterministic [6]. This is the operator K of section 2.
Using the operator K, the Noether conditions (23) and (24) get the simpler form [16]
K ·G
H
= 0. (26)
Our scope is to present these Noether conditions in a new form, combining Hamiltonian and
Lagrangian transformations and involving commutations with both the pull-back operation and
the evolution operator K. This method has the advantage of its simplicity because, as we
said, the operator K has none of the arbitrariness that plague the evolution vector fields in
velocity space and phase space. In this sense, the commutation properties involving K will be
the easiest ones to be used as a test of Noether symmetry. In order to do so, we will prepare
some preliminary results.
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First let us consider two infinitesimal transformations (leaving time invariant), δ
H
in phase
space, and δ
L
in velocity space. In principle, they are unrelated, and do not necessarily describe
symmetries. For a function h(t, q, p) the variation is computed in terms of δ
H
q and δ
H
p as
δ
H
h(t, q, p) =
∂h
∂q
δ
H
q +
∂h
∂p
δ
H
p,
and similarly for a function f(t, q, q˙):
δ
L
f(t, q, q˙) =
∂f
∂q
δ
L
q +
∂f
∂q˙
δ
L
q˙.
Using these relations, the definitions of FL and K, and the chain rule, a straightforward com-
putation shows that
δ
L
FL∗(h) −FL∗(δ
H
h) =
∂̂h
∂q
(δ
L
q − δ̂
H
q) +
∂̂h
∂p
(δ
L
p̂− δ̂
H
p), (27)
δ
L
(K · h)−K · δ
H
h =
(
K ·
∂h
∂q
)
(δ
L
q − δ̂
H
q) +
(
K ·
∂h
∂p
)
(δ
L
p̂− δ̂
H
p) +
∂̂h
∂q
(δ
L
q˙ −K · δ
H
q) +
∂̂h
∂p
(δ
L
(K · p)−K · δ
H
p), (28)
where we have written ĥ for FL∗(h) to simplify the notation. As a consequence, we have:
Theorem 2 A necessary and sufficient condition in order that
δ
L
(K · h)−K · δ
H
h = 0
for each function h, is that the transformations δ
L
, δ
H
be related by
δ
L
q = δ̂Hq (29.a)
δ
L
q˙ = K · δ
H
q (29.b)
δ
L
p̂ = δ̂Hp (29.c)
δ
L
(K · p) = K · δ
H
p. (29.d)
Moreover, then one also has δ
L
FL∗(h)−FL∗(δ
H
h) = 0.
To prove the first assertion, one only has to take appropriate values for h: taking h = qi
or h = pi leads to the vanishing of the last two terms in (28); taking h = (q
i)2/2 leads to the
vanishing of the first term; finally, taking h = qipi (not summed) does the rest.
In view of this, the last assertion is a direct consequence of (27).
From now on we suppose that the infinitesimal transformation in phase space is canonical,
and let G
H
(t, q, p) a generating function for it (determined up to a function of time):
δ
H
q = {q,G
H
} =
∂G
H
∂p
, δ
H
p = {p,G
H
} = −
∂G
H
∂q
. (30)
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We will need to know the partial derivatives of K ·h. A direct calculation from the definition
(6) yields
∂(K · h)
∂q
= K ·
∂h
∂q
+
∂2L
∂q ∂q
∂̂h
∂p
+
∂2L
∂q ∂q˙
(
K ·
∂h
∂p
)
, (31)
∂(K · h)
∂q˙
=
∂̂h
∂q
+
∂2L
∂q˙ ∂q
∂̂h
∂p
+
∂2L
∂q˙ ∂q˙
(
K ·
∂h
∂p
)
. (32)
These relations applied to h = G
H
yield
∂(K ·G
H
)
∂q
= −K · δ
H
p+
∂2L
∂q ∂q
δ̂Hq +
∂2L
∂q ∂q˙
(K · δ
H
q), (33)
∂(K ·G
H
)
∂q˙
= −δ̂Hp+
∂2L
∂q˙ ∂q
δ̂Hq +
∂2L
∂q˙ ∂q˙
(K · δ
H
q). (34)
Now let us write δ
L
f for f = K ·p = ∂L/∂q and for f = p̂ = ∂L/∂q˙. We obtain the identities
0 = δ
L
(K · p)−
∂2L
∂q ∂q
δ
L
q −
∂2L
∂q ∂q˙
δ
L
q˙,
0 = δ
L
p̂−
∂2L
∂q˙ ∂q
δ
L
q −
∂2L
∂q˙ ∂q˙
δ
L
q˙.
Using these relations, equations (33) and (34) become
∂(K ·G
H
)
∂q
= δ
L
(K · p)−K · δ
H
p+
∂2L
∂q ∂q
(δ̂Hq − δ
L
q) +
∂2L
∂q ∂q˙
(K · δ
H
q − δ
L
q˙), (35)
∂(K ·G
H
)
∂q˙
= δ
L
p̂− δ̂Hp+
∂2L
∂q˙ ∂q
(δ̂Hq − δ
L
q) +
∂2L
∂q˙ ∂q˙
(K · δ
H
q − δ
L
q˙). (36)
So far we have not made any assumption on the relationship between δ
H
and δ
L
, but from
the preceding equations the following result is clear:
Theorem 3 Let G
H
(t, q, p) be the generator of an infinitesimal transformation δ
H
in phase space
(30). If we define an infinitesimal transformation δ
L
in velocity space by
δ
L
q := FL∗(δ
H
q), δ
L
q˙ := K · δ
H
q, (37)
then we have
∂(K ·G
H
)
∂q
= δ
L
K · p−K · δ
H
p, (38)
∂(K ·G
H
)
∂q˙
= δ
L
FL∗(p)−FL∗(δ
H
p). (39)
Under the assumptions of the theorem, we can rewrite the commutation relations (27), (28)
as
δ
L
FL∗(h) −FL∗(δ
H
h) =
∂̂h
∂p
∂
∂q˙
(K ·G
H
), (40)
δ
L
(K · h)−K · δ
H
h =
(
K ·
∂h
∂p
)
∂
∂q˙
(K ·G
H
) +
∂̂h
∂p
∂
∂q
(K ·G
H
). (41)
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The final step is to relate these relations with the condition (26), K·G
H
= 0, that characterizes
the generators of projectable Noether transformations:
Theorem 4 Let δ
H
be a canonical transformation in phase space, and let δ
L
be defined as in
(37). Then the following statements are equivalent:
1. The commutation relation δ
L
(K · h)−K · δ
H
h = 0 holds for each function h(t, q, p).
2. δ
H
is a Noether transformation in phase space.
To prove that the first condition implies the second one, notice that, using theorems 2 and 3,
if G
H
is a generator of δ
H
, K · G
H
is a function of time, f(t). Redefinition of G
H
to G
H
−
∫
f(t)
makes K · G
H
= 0, therefore, according to (26), δ
H
is a Noether transformation in phase space.
The converse is a direct consequence of (26) and theorem 3.
Let us finally remark that we could have defined, instead of (37),
δ¯
L
q := FL∗(δ
H
q), δ¯
L
q˙ :=
d
dt
δ¯
L
q. (42)
Here the Lagrangian transformation of q is the pull-back of the Hamiltonian one, whereas the
transformation of the velocity is the natural prolongation of the transformation of the position.
This is the usual way to define the transformations of the velocities out of the transformations
of the positions. Notice that, using equation (7),
δ¯
L
q˙i = δ
L
q˙i − [L]j FL
∗
(
∂δ
H
qi
∂pj
)
,
so both transformations coincide when applied to solutions of the Euler-Lagrange equation (they
coincide “on-shell”). With δ¯
L
instead of δ
L
equations (38) and (39) acquire an additional term
that vanishes on-shell. Therefore δ
L
as defined in theorem 3 is more appropriate in order to give a
neat characterization of a Noether transformation through commutation relations. Nevertheless,
it is δ¯
L
that, when applied to the Lagrangian, gives a total derivative. Indeed, from (15), one
has
δ¯
L
L =
d
dt
FL∗(p δ
H
q −G
H
).
3.3 Characterization in velocity space
To obtain a characterization in velocity space we first need to formulate the dynamics as a vector
field in R×TQ. The time evolution in a gauge theory is not unique until the gauge freedom has
been removed —by way of some gauge fixing, for example. This is reflected in the ambiguities
that are present in the Lagrangian time-evolution differential operator, which we recall from
section 2:
X
L
= X0 + η
µΓµ, X0 =
∂
∂t
+ q˙i
∂
∂qi
+ ai(q, q˙)
∂
∂q˙i
.
Notice that projectable quantities have, according to (2), a well-defined unambiguous time-
derivative under this dynamics. The requirement of tangency of X
L
to the primary Lagrangian
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constraint submanifold, defined by χµ ≈ 0 (5), may lead to new constraints and to the determi-
nation of some of the functions ηµ. At this point, new tangency requirements may occur. This
is the Dirac’s method in the Lagrangian formalism [6].
Our aim is to give a tangent space characterization of a Noether transformation δ
L
q(t; q, q˙)
that satisfies the property of being projectable to phase space, that is, δ
L
q is the pullback of a
canonical Noether transformation δ
H
q, δ
L
q = FL∗(δ
H
q). Notice at this point that we have two
natural ways to define the dynamical time derivative δ
L
q˙ in R × TQ. Either by δ
L
q˙ := K · δ
H
q
as in the preceding subsection, or by δ
L
q˙ := X
L
· δ
L
q = X0 · δ
L
q. According to (14), both
definitions coincide only on the primary Lagrangian constraints submanifold. Consistency with
the preceding subsection invites us to choose the definition δ
L
q˙ := K · δ
H
q, and this is what we
will do. So we take
V
L
= FL∗{q,G
H
}
∂
∂q
+K · {q,G
H
}
∂
∂q˙
. (43)
We will use the results of the preceding subsection for Noether transformations, in particular
K · δ
H
h = δ
L
(K · h) (44)
and its consequence
FL∗(δ
H
h) = δ
L
FL∗(h), (45)
for any function h on R× T∗Q.
Notice from these relations that
V
L
· FL∗(h) = FL∗{h,G
H
} :
the action of V
L
on a projectable function is a projectable function, that is, V
L
is a projectable
vector field —indeed it projects to V
H
= {−, G
H
}.
Equation (44), and the fact that the primary Lagrangian constraints (plc) can be obtained
as χµ = K · φµ, allow to compute
V
L
· χµ = δ
L
χµ = δ
L
(K · φµ) = K · (δ
H
φµ) = K · {φµ, G
H
},
but, according to (24),
{φµ, G
H
} = Dνµ φν (46)
for some functions Dνµ. Therefore
V
L
· χµ = δ
L
χµ = FL
∗(Dνµ)χν ,
that is: V
L
is tangent to the primary Lagrangian constraints surface V1, V
L
(plc) = plc.
Now let us use (14) and (44) to write
V
L
(X0 · FL
∗(h)) +V
L
(
χµ
∂vµ
∂q˙
FL∗
(
∂h
∂p
))
= X0 · FL
∗(δ
H
h) + χµ
∂vµ
∂q˙
FL∗
(
∂δ
H
h
∂p
)
.
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The second piece in the right side is just a combination of plc, and so it is the second piece in
the left side because of the tangency of V
L
to the plc surface. Therefore
V
L
(X0 · FL
∗(h)) −X0 · FL
∗(δ
H
h) = plc,
or, using (45),
[V
L
,X0](FL
∗h) = plc. (47)
This result means that the commutator [V
L
,X0] is, on the plc surface, a combination of the
vector fields in the kernel of T(FL), that is,
[V
L
,X0] = plc+ α
µΓµ, (48)
for some functions αµ.
We need a second piece of information: the commutator [V
L
,Γµ]. Let us apply it to a
configuration variable q. Since Γµ ·q = 0 and Γµ ·δ
L
q = Γµ ·FL
∗(δ
H
q) = 0, we get [V
L
,Γµ] ·q = 0.
When applied to q˙,
[V
L
,Γµ] · q˙ = V
L
γµ − ΓµV
L
(q˙) = V
L
γµ − Γµ · (K · δ
H
q),
where in the last step we have used the definition V
L
· q˙ = K · δ
H
q. Taking into account the
definition (3) and the property (11), we get
[V
L
,Γµ] · q˙ = V
L
(FL∗{q, φµ})−FL
∗{δ
H
q, φµ} (49)
= FL∗(δ
H
{q, φµ} − {δ
H
q, φµ}) = FL
∗{q, δ
H
φµ}. (50)
We can use again (46), δ
H
φµ = {φµ, G
H
} = Dνµ φν . Then,
[V
L
,Γµ] · q˙ = FL
∗{q,Dνµφµ} = (FL
∗Dνµ) γν ,
and therefore
[V
L
,Γµ] = (FL
∗Dνµ)Γν , (51)
which agrees with the fact that V
L
is projectable.
Putting together (48) and (51), we obtain that the vector field V
L
satisfies
[V
L
,X
L
] = plc+ βµΓµ (52)
for some functions βµ(t; q, q˙).
So we have proved the following result:
Theorem 5 Suppose that G
H
(t, q, p) generates a canonical Noether transformation, and let V
L
be the vector field defined by it according to (43). Then V
L
is a projectable vector field that
projects to {−, G
H
}, it is tangent to the primary Lagrangian constraint submanifold, and its
commutation with the dynamics satisfies (52).
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This result is analogous to that of subsection 3.1. Here and there the commutator of the
generator of the transformation with the evolution vector field gives as a result a term which is
proportional to the arbitrary piece in the dynamics. Have we reached a necessary and sufficient
condition for V
L
to be a generator of a projectable Noether transformation? The answer in
general is in the negative. Let us be more specific and consider a vector field V
L
, defined in
(43), such that: (a) it projects to {−, G
H
}, (b) is tangent to the primary lagrangian constraint
submanifold, and (c) satisfies (52). Then, using equations (40) and (41) one arrives at
∂
∂q˙
(K ·G
H
) = 0,
∂
∂q
(K ·G
H
) = plc, (53)
whereas the right conditions for {−, G
H
} to generate a Noether transformation in phase space
—which implies that V
L
generates a Noether transformation in tangent space— are, according
to the discussion in the preceding section,
∂
∂q˙
(K ·G
H
) = 0,
∂
∂q
(K ·G
H
) = 0, (54)
which is more restrictive than (53). However, in most cases of interest, the plc do not restrict the
configuration variables alone, and then (53) and (54) are equivalent. This is the case indeed in
many physical applications of gauge systems, as in string theory, Yang–Mills theory, or general
relativity. In such cases we have arrived at a characterization of the vector field V
L
for it to
generate a Noether transformation.
The case where the plc do restrict the configuration variables is rather unusual, and it might
be considered as an unfortunate choice of the configuration space —some comments on this issue
can be found in [8]. The second example in the following section, though formal and with no
physical interest, exhibits this feature; in this case, conditions (53) are not sufficient for V
L
to
generate a Noether transformation.
Let us finally recall that the action of the vector field V
L
, associated to a projectable Noether
transformation, on the Lagrangian L does not give in general a total derivative. The transfor-
mation that indeed gives a total derivative is δ¯
L
—see the end of subsection 3.2.
3.4 The algebra of projectable Noether symmetries
Consider a canonical Noether symmetry generated by G
H
. The projectability of (43),
V
L
= FL∗{q,G
H
}
∂
∂q
+K · {q,G
H
}
∂
∂q˙
,
to the canonical generator of Noether symmetries,
V
H
= {−, G
H
},
allows to obtain some results concerning the algebra of the vector fields associated to projectable
Noether symmetries. If V
L
1 and V
L
2 are two such vector fields, associated with the canonical
X. Gra`cia & J.M. Pons, Noether symmetries and commutativity properties 17
generating functions G
H
1 and G
H
2, then it is straightforward to show that the commutator [V
L
1,V
L
2]
projects to {−, {G
H
2 , G
H
1}} that is,
[V
L
1,V
L
2] · FL
∗(h) = {h, {G
H
2 , G
H
1}}.
In the particular case that the set of independent canonical generators Gi span a Lie algebra,
{G
H
i , G
H
j} = C
k
ijG
H
k, (55)
with Ckij constants, then their associated vector fields V
L
i in tangent space satisfy the same Lie
algebra structure,
[V
L
i ,V
L
j ] = C
k
ijV
L
k.
In the case that the quantities in (55) are not constants but functions of the variables (this
is the case of a “soft” algebra generating a “quasigroup” [23]), this last equality does not hold,
but we still have the opportunity to get —up to pieces linear in the primary constraints— the
structure functions in phase space by Lagrangian methods. This goes as follows. Consider (55)
for some functions Ckij. Consider also the pullback to tangent space of the canonical generating
functions, G
L
i = FL
∗(G
H
i ). Then
V
L
j ·G
L
i = V
L
j · FL
∗(G
H
i ) = FL
∗(δ
H
jG
H
i ) = FL
∗{G
H
i , G
H
j}
= FL∗(CkijG
H
k) = FL
∗(Ckij)G
L
k. (56)
That is, we can retrieve —up to primary constraints— the structure functions of the canonical
gauge generators by simply computing the variations under the vector fields V
L
of the Noether
conserved quantities in tangent space. This method has been implicitly used in a series of papers
[24, 25, 26] that analyze the relationship between the Lagrangian and Hamiltonian descriptions
of the gauge group structure for generally covariant theories.
4 Some examples
Example 1. Let us consider the Lagrangian
L =
1
2
e−ωx˙2 +
1
2
eωm2,
which describes a free particle in Minkowski’s space-time. A standard analysis yields the mo-
menta (p, pi) of the variables (x, ω), a Hamiltonian function, and a primary Hamiltonian con-
straint:
p̂ = e−ωx˙, p̂i = 0, H =
1
2
eω(p2 −m2), φ0 = pi.
The stabilization algorithm yields a secondary Hamiltonian constraint
φ1 = {φ0,H} = −H.
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The evolution operator K is given by
K · h = FL∗
∂h
∂t
+ x˙FL∗
∂h
∂x
+ ω˙FL∗
∂h
∂ω
+ χFL∗
∂h
∂pi
,
where we have denoted by χ the primary Lagrangian constraint
χ := K · φ0 =
1
2
(eωm2 − e−ωx˙2).
It is clear that the projectable functions are those not depending on ω˙, and indeed the kernel of
T(FL) is spanned by
Γ =
∂
∂ω˙
.
Notice therefore that χ is a projectable constraint, and so
χ = FL∗(φ1),
whereas
K · φ1 = ω˙χ,
which is not a new constraint. Finally, we give the Euler-Lagrange equations:
[L]x = e
−ω(ω˙x˙− x¨), [L]ω = χ.
At the first stage of the stabilization algorithm the Hamiltonian evolution operator is
X
H
=
∂
∂t
+ eωp
∂
∂x
−
1
2
eω(p2 −m2)
∂
∂pi
+ λ
∂
∂ω
+ piZ,
where the function λ and the vector field Z are arbitrary.
Now let us study the gauge transformations. From the general theory, a gauge generator
has the form G
H
= ε˙G0+ εG1, where ε is an arbitrary function of time and the functions Gi are
determined such that K ·G
H
= 0 [10]. G0 is a first-class primary Hamiltonian constraint, which
in this example turns out to be e−ωpi. The result is
G
H
= e−ω(ε˙φ0 − εφ1).
Its associated infinitesimal transformation is given by the vector field
V
H
= εp
∂
∂x
+ ε˙e−ω
∂
∂ω
+ ε˙e−ωpi
∂
∂pi
.
Let us check the quasi-invariance of X
H
:
[V
H
,X
H
] =
(
e−ω(−ε¨+ λε˙) +V
H
· λ
) ∂
∂ω
+ pi
(
e−ω(−ε¨+ λε˙)
∂
∂pi
+ [V
H
,Z] + e−ωε˙Z
)
,
which is weakly {−, phc}.
The vector field V
L
of (43) is
V
L
= e−ω
(
εx
∂
∂x
+ ε˙
∂
∂ω
+ ε˙x˙
∂
∂x˙
+ (ε˙ω˙ − ε¨e−ω)
∂
∂ω˙
)
.
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A direct computation then shows that, as differential operators,
V
L
◦K−K ◦V
H
= 0.
Finally let us consider the Lagrangian dynamical vector field,
X
L
=
∂
∂t
+ x˙
∂
∂x
+ ω˙
∂
∂ω
+ ω˙x˙
∂
∂x˙
+ η
∂
∂ω˙
,
where η is an arbitrary function. Then we obtain
[V
L
,X
L
] = e−ω
(
−
...
ε + 2ε¨ω˙ − ε˙ω˙2 + ε˙e−ωη +V
L
· η
) ∂
∂ω˙
,
which is proportional to Γ.
Moreover, bearing in mind the remarks at the end of section 3.2, we can define the Lagrangian
transformation of the velocities as the time-derivatives of the transformation of the positions,
thus obtaining a slightly different vector field V¯
L
; indeed,
V¯
L
= V
L
− ε[L]x
∂
∂x˙
.
Then the Noether condition can be checked for this transformation:
V¯
L
· L =
d
dt
(εe−ωL).
Example 2. Here we show that, in general, the conditions stated by theorem 5 are not suffi-
cient for V
L
to define a Noether transformation. Let us consider
L =
1
2
x˙2 −
1
2
y2.
The momenta (px, py) of the variables (x, y), a Hamiltonian function and a primary Hamiltonian
constraint are
p̂x = x˙, p̂y = 0, H =
1
2
p2x +
1
2
y2, φ0 = py.
The stabilization algorithm yields a secondary Hamiltonian constraint
φ1 = {φ0,H} = −y.
The evolution operator K is given by
K · h = FL∗
∂h
∂t
+ x˙FL∗
∂h
∂x
+ y˙FL∗
∂h
∂y
− yFL∗
∂h
∂py
.
Notice that there are a primary Lagrangian constraint and a secondary one,
χ1 = −y, χ2 = −y˙.
The projectable functions are those not depending on y˙, and the kernel of T(FL) is spanned
by
Γ =
∂
∂y˙
.
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The Euler-Lagrange equations are
[L]x = −x¨, [L]y = −y,
and so the Lagrangian evolution operator may be taken as
X
L
0 = x˙
∂
∂x
+ y˙
∂
∂y
.
Let us consider the function
G
H
= pyy,
whose associated infinitesimal transformation is the vector field in phase space
V
H
= y
∂
∂y
− py
∂
∂py
,
and defines the vector field in tangent space
V
L
= y
∂
∂y
+ y˙
∂
∂y˙
.
It is easily checked that V
L
projects to V
H
. It is clear that V
L
· χ1 = χ1, and so it is tangent to
the primary Lagrangian constraint submanifold. And also we have [V
L
,X
L
0] = 0.
In spite of satisfying these three conditions of theorem 5, V
L
is not a projectable Noether
transformation. We can see this in several ways. On the one hand, K ·G
H
= −y2, which is not
zero (notice, however, that since this is a primary lagrangian constraint then G
H
corresponds to
a nonprojectable Noether transformation, see [13] and [15]). On the other hand, we can compute
(V
L
◦K−K ◦V
H
) · h = −2y
∂̂h
∂py
,
which is not zero. Finally, using the transformation V¯
L
as before, we have
V¯
L
· L = −y2,
which is not a total derivative.
Finally, we use this example to illustrate item (b) in the list of properties of gauge theories
given in the introduction. Take the conserved quantity G
H
= px + pyy in phase space. It
generates, through Poisson bracket, an infinitesimal symmetry transformation δ
H
whose pull-
back to velocity space is δ
L
x = 1, δ
L
y = y; this gives δ
L
L = −y2, which is not a total derivative
and thus δ
L
is not a Noether symmetry.
5 Conclusions
In this paper we have introduced some characterizations of Noether symmetries based upon
some specific properties of commutativity with the dynamics. This presentation entails a shift
of focus with respect to the standard introductions to Noether symmetries.
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To our knowledge, the only characterization of Noether symmetries in gauge theories, not
relying on properties of the conserved quantity, is the invariance of the action under these trans-
formations. Our contribution is a new characterization of such symmetries which is set up in the
realm of dynamics, either Lagrangian or Hamiltonian. This study concerns those Noether sym-
metries that are projectable to phase space (what we call canonical Noether transformations).
For canonical Noether symmetries we obtain a characterization in phase space that clearly
generalizes the results that hold for regular (not gauge) theories. We also provide an alternative
characterization by using the unambiguous evolution operator that connects the formulations
in phase space and in tangent space; this new characterization is very appropriate because of
its simplicity, since it is set up with the only use of the Lagrangian function and its partial
derivatives. Finally, we give a characterization in velocity space applicable to most dynamical
theories with physical contents.
In summary, we give an answer to the question of extending the property of commutation of
the Noether symmetry with the dynamics, as expressed by equation (1), to singular Lagrangians.
This answer is presented as three characterizations that may serve as a useful test of Noether
symmetry for gauge theories with reference neither to the action nor to the conserved quantity.
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